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Abstract 

We compare the angular-ordering approximation to QCD jet development 

with full calculations to order as in the following cases: emission of 
quark jets by a color-singlet vector source (as in e+e- annihilation) and 

emission of gluon jets by a color-singlet scalar (Fa Fapu) 
P" 

source. In 
contrast to the case of a color-octet (gluon) source, we find that the 

approximation is good in those regions of phase space where the "ext-to- 

leading corrections to the amplitude are large. 
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I 

As a by-product of work on the extension of the QCD jet calculus to 

include higher-order corrections ,1'2 two of us3 have recently investigated 

the validity of the angular-ordering approximation' for the non-leading 

corrections to the exclusive process gluon + 3 gluons. The conclusion was 

that the approximation is good in the strictly strongly-ordered molnentum 

regions xi (( xj << xk but breaks down rapidly outside those regions. t I" 

particular, for xi cc xj I xk the next-to-leading correction is large and 

the discrepancy between the angular-ordering approximation and the exact 

result is of order 100%. This is illustrated in Fig. 1. which is 

reproduced from Ref. 3. These results suggest that the angular-ordering 

approximation might be inadequate to describe the soft glue" component of 

a pair of hard gluon jets produced by splitting of a single virtual glue". 

The discrepancies are eve" larger when one investigates the process 

gluon + quark + antiquark + gluon. If x3 represents the gluon momentum 

fraction, the angular-ordering approximation to the non-leading correction 

is (in the notation of Refs. 2,3) 

W ~(Xl,XZ,X3) = 
PSW 

CF H(XZ+XS) F(f&) . &$a xx x,x2+x:x;+x3x,) + (1 ++ 2) 

x 1 -. + 2 CA P(x,+x,) H(x,+x,) . x,+xz log ( xlxg 
x,x,+x2x,+x,x,) ' (1) 

where H, F and P@ ape the g + q6, q + qg and g + gg Altarelli-Parisi 

t Here x. represents the light-cone momentum fraction of final state jet i 
with r&spect to the initial jet. 

@ H(x) q x2 + (l-x)*; F(x) = +$; P(x) = ; + & - 2 + x(1-x). 
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Splitting functions. A comparison with the exact expression (2.16) of 

Ref. 2 is shown in Fig. 2. We See again that the approximation is valid 

in the strongly-ordered xi regions (the corners of phase space) but 

becomes very poor. even when the gluon is soft, outside these regions. 

The large discrepancies illustrated in Figs. 1 and 2 may be traced to 

contributions in which a soft gluon is emitted from the incoming virtual 

gluon. (The associated emission probability is infrared singular in this 

region and consequently large.) Thus it is possible that the angular 

ordering prescription is a much better approximation for color-singlet jet 

sources from which such an emission cannot OCCUP. Whether this implies 

that the angular-ordering prescription is good for physical processeS 

(which are always color-singlet initiated) will be left to later discussion 

scalar coupling g'Fiu Fapu, which leads to the diagrams shown in Fig. 4. 

The Feynman rules for the Source are given in Ref. 5. We find that the 

exact non-leading correction at order (IS iS, (omitting a factor of 
(s'm! I2 

'A : 64 nqs ), 

V s+ggg(x'.x2.x3) 

= [2 p C&l & P” (x1+x2) 

+ k On 7* + k 1” 7q$&q (2) 

+p+i (x1+x2) + : &ji - : &$ 

We shall examine two different color-singlet source jets. In the 

first case we consider two quark jets emitted by a Vector SOUPCB, Y+gq;(. 
i which is to be compared with the angular-ordering approximation 

One simply has to set CA = 0 in the expression for g + gqs - Eq. (1) far W 
ww (x1 3x2 ,x3) = 

the angular-ordering approximation and Eq. (2.16) of Ref. 2 for the exact 

next-to-leading result. As shown in Fig. 3, the angular-ordering approx- 
. -L- . log ( x.,x2 

) l cyclic 
XI+% X,X*+X$i~+X~XI (3) 

in&ion then becomes good for all soft gluon mOmentUm values and for a The xf' Pn xi and xi1 singularities of eqs. (2) and (3) agree. SO 

considerable range of hard values a5 well. The only places where the that the angular-ordering approximation is valid when any gluon is Soft, 

relative discrepancy is large ape those in which the quark or antiquark is independent Of the energies of the other two. As Shown in Fig. 5, the 

very Soft, and the amplitude is very Small. aPPr0Ximation iS good throughout a substantial region near the edges of 

We have also calculated three-gluon jet production from a color phase Space, although at the symmetric point xx = x1 = xS =1/3 (where the 

singlet Source. In this case the most convenient type Of SOUPCB is a absolute Correction iS very Small) the relative error is maximal at about 

60%. 
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the emission from a colored jet occws independently of the presence of 

other color-correlated jets in the order of (I~ being considered. Thus for 

large Q there is a region of phase space where soft emission (in the sense 

that QJQ (C xi CC 1) from an energetic colored jet does not obviously 

interfere with radiation from other color-correlated jets. Whether or not 

there is a hidden destructive interference mechanism that restores the 

approximate validity of angular-ordering in this important region of phase 

space requires additional investigation. The best further test of this 

possibility is to examine e+e- + qqgg using the known matrix elements, 

Ref. (6), although the comparison might have to be performed numerically 

if the integrations over transverse degrees of freedom prove too laborious 

to be done analytically. 

Figure 6 shows sections through the surfaces displayed in the earlier 

figures along the line x, = x 2, to emphasize the difference between the 

regions of validity of the angular-ordering approximation in the color- 

octet and color-singlet cases. Obviously the angular-ordering appror- 

imation has a much larger range of validity in the color-singlet source 

cases. 

The physical implications of these results for Monte Carlo 

simulations of jet evolution are not entirely obvious. The much more 

satisfactory agreement of the angular-ordering approximation with the 

exact next-to-leading calculation for color-singlet sources might suggest 

that the angular-ordering approximation could be reliable for calor- 

singlet initiated reactions in general. This could occur if the infrared 

singular emissions from a given highly energetic colored jet are cancelled 

by destructive interference with soft emissions from other jets which are 

color-correlated with the first due the ovw all color-singlet nature of 

the physical reaction. This is inevitably the case when the light cone 

momentum fraction xi of the soft emission is so small that this secondary 

emitted gluon is traveling at a large angle to the jet axis OP, in 

general, is in a region of phase space where it can interfere with a 

wide-angle emission from the other jets. However the region where such 

interference between emission from energetic colored jets obviously occurs 

is confined to xi c Q,/Q# where Q, represents a typical confinement scale 

OP transverse momentum and Q represents the energy of the primary jet. In 

the region xi > Q,/Q the jet calculus expansion is based on the idea that 
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FIGURE 1 The ratio (W-V)/V as a function of x, and xp for the 

process g + ggg. V is the exact non-leading order u: 

correction and W is the angular-ordering approximation to 

it. Figure from Ref. 2. The light cone momentum fractions 

of the three gluons are x,, .x2 and xg = 1 - XL - x.2 ) 0. 

FIGURE 2 The ratio (W-V)/V as a function of x1 and x2 for the 

process g + gqq, with x1 and xp representing the q and i 

light-cone momentum fractions. 

FIGURE 3 The ratio (V-W)/V for the process Y +gqq, where Y pe- 

PreSentS a COlOr-Singlet Vettor source; x, and xp are the 

q and i light-cone momentum fractions respectively. 

FIGURE 4 Feyman graphs for the process s + ggg. where s is a 

color-singlet scalar source. 

FIGURE 5 The ratio (W-V)/V as a function of x, and x2 for the 

process 5 + ggg. 

FIGURE 6 Sections through Figs. 1. 2. 3, 5 along the line x1 = x2. 
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